ABSTRACT. In this paper we are concerned with the nonlinear eigenvalue problem for the weighted p-Laplacian. The main result of the work is the existence of the eigenpair for the Dirichlet problem provided that the weights are bounded. Furthermore, under this assumption the eigenvector belongs to the Sobolev space W 1,p 0 (Ω).
Introduction
In this paper we are concerned with the existence of an eigenvalue to the following problem: and a 0 is an arbitrary function. It must be emphasized that Δ a,p is just a symbol, and may not be a differential operator at all, since the coefficients a i (i = 1, . . . , N) are not assumed to be differentiable. We restrict ourselves to cite only the work [7] and references therein, and also the survey [4] for more results. We treat the generalized Dirichlet problem under general conditions on the weight function a, namely, we suppose that the components a i (i = 1, . . . , N) of a are measurable functions on Ω such that 
D(Ω)
:
. , N).
We established the existence of the principal eigenvalue for a eigenvalue problem involving the weighted p-Laplacian. Our approach is based on variational principles and representation properties of the associated spaces. In order to carry over Hilbert space type arguments to the theory of nonlinear elliptic equations in Banach spaces, we used on Sobolev space a type of inner product, called a semi-inner product.
Auxiliary results
In this section the reader will be reminded of some important properties of semi-inner product spaces, and some auxiliary results will be quoted or derived.
To apply Hilbert space type methods to the theory of Banach spaces, L u m e r [5] constructed a semi-inner product (s.i.p.) on a complex vector space X as a complex function [·, ·] on X × X with the following properties: . The importance of a semi-inner product space (s.i.p.s.) is that every normed vector space can be represented as a semi-inner product space so that the theory of operators on a Banach space can be penetrated by Hilbert space type arguments (cf. [2] , [5] ).
As an example, consider the real Banach space L p (Ω), where 1 < p < ∞. It can readily be expressed as a s.i.p. space with s.i.p. defined by
where
. In a normed vector space X we set
We introduce additional properties of semi-inner product that will help us to move some arguments of Hilbert space. Note that a semi-inner product is continuous with the respect to the first component. A very convenient property of s.i.p. is continuity with respect to the second variable. First discussion concerning the continuity due to the second variable can be found in paper [2] . G i l e s made the following definition.
A s.i.p. is called a continuous s.i.p. when the following additional condition is satisfied: for every x, y ∈ S,
A s.i.p. space X has the representation property when to every continuous functional f ∈ X * there exists a unique element y ∈ X such that
In Hilbert space the representation theorem for continuous linear functionals shows the natural relationship between vectors and continuous linear functionals using the inner product. The following theorem, which was proved by G i l e s, is a modification of the representation theorem of Riesz-Fréchet for continuous linear functional. 
for all x ∈ X and f = y .
It may be worth reminding the reader the following lemma.
is weakly convergent to x ∈ X and x n → x as n → ∞, then it converges to x. Now we construct a space, which will be used for solving problem by examining the properties of a certain s.i.p. space.
Let M be a vector space and let Y be a uniformly convex Banach space with a semi-inner product [·, ·] Y . Consequently, Y is a reflexive space (see [3] ). Furthermore, let semi-inner product [·, ·] Y satisfy the semi-Lipschitz condition, i.e., there exists a constant L > 0 such that
which is the norm on M .
We define a semi-inner product on the space M given by the formula:
We denote the completion of the space (M, · a ) by X 0 . We show that the norm in the space X 0 is derived from the semi-inner product [·, ·] a .
Ì ÓÖ Ñ 2.2º Let Y be a uniformly convex Banach space such that a semi--inner product [·, ·] Y satisfies the semi-Lipschitz condition. Let the mapping
a is a semi-inner product on the space X 0 . P r o o f. We show that the mapping, given by formula (2.3), is well defined.
Thus, it is a Cauchy sequence in R. Consequently, the limit lim n→∞ [x n , y n ] a exists.
EIGENVALUE PROBLEM FOR THE WEIGHTED p-LAPLACIAN
Subsequently, we show that the limit does not depend on the choice of representative. Let x, y ∈ X 0 and let
The defined mapping [·, ·] a fulfills the conditions of a semi-inner product.
By the previous reasoning it suffices to suppose that y n a = z n a = 1 for n ∈ N. Then
The semi-inner product [·, ·] a is consistent with the norm in X 1 . Indeed,
which completes the proof.
We will need some properties of the space X 0 . Therefore, it should be noted that X 0 is a uniformly convex space.
Ä ÑÑ 2.2º
Let Y be a uniformly convex space. Then the space X 0 is a uniformly convex space.
Hence, we obtain that
By uniform convexity of the space Y, there exists δ(ε) > 0 such that
Consequently,
Under the assumption of density of the set M and continuity of the norm it follows that for ε ∈ (0, 2] and arbitrary x, y ∈ X 1 such that
there exists δ(ε) > 0 such that
Thus, the space X 0 is a uniformly convex space, which completes the proof. Moreover, for every y ∈ X 0 and for every sequence (y n )
for all x ∈ X 0 . P r o o f. We prove first that [·, ·] a is a continuous semi-inner product. Let x, y ∈ X 0 such that x a = y a = 1. From (2.2) we have
for all real λ → 0. As a consequence of continuity of the norm we obtain that
for all real λ → 0. By virtue of Theorem 2.1, it follows that the space X 0 has the representation property.
EIGENVALUE PROBLEM FOR THE WEIGHTED p-LAPLACIAN
To prove the second statement, let a sequence (y n )
Clearly, the right-hand side expression tends to zero, which completes the proof.
Eigenvalue problem
Let M be a vector space. Let (X, · 1 ) be a Banach space and let (X 2 , · 2 ) be a uniformly convex Banach space with a continuous semi-inner product and suppose that X is dense subspace of (X 2 , · 2 ).
Suppose there is a linear, injective operator j : M → X. Furthermore, let j(M ) be dense in X (with respect to norm · 1 ).
Let (Y, · Y ) be a Banach space and let T : X → Y be a linear operator. Consider the functional
which is the semi-norm on M . If we assume that the operator T is injective, then the functional · a is a norm. We assume further that the operator T is coercive, i.e., there is a constant c > 0 such that
Then the functional given by (3.1) is a norm on M . In addition, we obtain that the operator j : (M, · a ) → (X, · 1 ) is continuous. We denote the complement of the space (M, · a ) by X 0 . Consequently, the operator j can be extended to the whole space X 0 , i.e., j :
and if x n → x in weak topology of (X, · 1 ), then x n → x in norm · 2 . P r o o f. Let x ∈ X 2 . Then there exists x 1 ∈ X such that
By density of the set j(M ) in X there is x 2 ∈ M such that
Hence it follows
Consider the following problem
where x, y ∈ X 0 , λ ∈ C.
Ò Ø ÓÒ 1º If for some nonzero vector y ∈ X 0 the condition (3.3) is satisfied for every x ∈ X 0 , then λ is called an eigenvalue and y is called an associated eigenvector of the problem (3.3).
Note that if λ is an eigenvalue, it is positive. Indeed, setting x = y in (3.3), we obtain λ jy
Consider the problem (3.3) with the following assumptions. Let Y be a uniformly convex Banach space such that the semi-inner product satisfies the semi--Lipschitz inequality with a constant L > 0. Then the space X 0 can be uniquely represented as a s.i.p. space with a semi-inner product given by the formula (2.3). Moreover (X 0 , · a ) is uniformly convex space with a continuous semi-inner product. Consequently the function X 0 x → x 2 a is Gâteaux differentiable (cf. [2] ) and
Our main result is the following. Profesor P. C o j u h a r i proposed an idea for proving this results. 
There exists an element y 0 ∈ X 0 of norm equal to 1 such that the functional
be a sequence that minimizes the λ 1 , i.e., y n ∈ X 0 , jy n 2 = 1 and
Then by virtue of the Eberlein-Smulian theorem (see [6] ) by reflexivity of X 0 the sequence y n converges weakly to some element y 0 in X 0 (at least for some subsequence (y n ) ∞ n=1 ). Then jy n converges weakly to jy 0 in X. By the compactness of embedding j X the sequence jy n converges to jy 0 in X 2 and jy 0 2 = 1.
i.e., λ 1 = y 0 2 a . Hence we obtain that y n a → y 0 a as n → ∞.
Therefore, by Lemma 2.1 it follows that y n → y 0 in X 0 . Then we show that λ 1 is an eigenvalue. Let f be a functional given by Hence it follows that for x ∈ X 0
Eigenvalue problem for the weighted p-Laplacian
Let Ω be a bounded domain in R N . Consider the following eigenvalue problem (the generalized Dirichlet problem for second order)
in which Δ a,p , with 1 < p < ∞, denotes the p-Laplacian weighted by a diagonal matrix a = (a 1 , . . . , a N ). We treat the generalized Dirichlet problem under general conditions on the weight function a, namely, we suppose that the components a i (i = 1, . . . , N) of a are measurable functions on Ω such that
We will consider the following spaces:
Consider the operator j :
Under the assumptions (4.2) the following lemma holds.
Ä ÑÑ 4.1º Under the conditions (4.2) there holds the following inequality
exists and is finite for all u ∈ C ∞ 0 (Ω). Then it follows
in which a constant c > 0 does not depend on u.
Next, we consider the mapping T :
By virtue of Lemma 4.1, T is an injective linear operator. Moreover,
We denote the complement of the space ( Then the expression (4.6) can be suitably modified, i.e., 
